Vector Differential Calculus
1 Scalar Fields and Vector Fields
Scalar Functions


T  =  T( t, position ),  
independent of choice of coordinates 
Vector Functions


v  =  v( t, position )


v  =  v1 i + v2 j + v3 k
where the components of v depend on coordinate systems
[Example]
Velocity Field of a Rotating Body

Angular velocity = 
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where p is the position vector ( a vector from origin to the point p )


  =   k,
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  ( position vector )


v  =   EQ \b\bc\|(\a\co3\ar\hs10\vs6( i, j, k, 0, 0, w, x, y, z) )   =   (  y i + x j )
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EXAMPLE 2 Vector field (Velocity field)
At any instant the velocity vectors v(P) of a rotating body B constitute a vector field, the so-called velocity field
of the rotation. If we introduce a Cartesian coordinate system having the origin on the axis of rotation, then (see
Example 6 in Sec. 8.3)
1) VO, 32 =wWXT=wWX[xyz=wx @i+ yj+zk
where x, y, z are the coordinates of any point P of B at the instant under consideration. If the coordinates are
such that the z-axis is the axis of rotation and w points in the positive z-direction, then w = wk and
i j k
v=1[0 0 o|=0[-yx0=w(-y+ ).
X y z
An example of a rotating body and the corresponding velocity field are shown in Fig. 179. <
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Fig. 179. Velocity field Fig. 180. Gravitational field
of a rotating body in Example 3
EXAMPLE 3 Vector field (Field of force)

Let a particle A of mass M be fixed at a point Py and let a particle B of mass m be free to take up various
positions P in space. Then A attracts B. According to Newton’s law of gravitation the corresponding gravitational
force p is directed from P to Py, and its magnitude is proportional to 1/r2, where r is the distance between
P and P, say,

C
() lpl = —, ¢ = GMm,

where G (= 6.67 - 1078 cmg/gm - sec?) is the gravitational constant. Hence p defines a vector field in space.
If we introduce Cartesian coordinates such that Py has the coordinates xg, Yo, Zop and P has the coordinates
X, ¥, z, then by the Pythagorean theorem,

r=Va -+ - 3P+ @20 0.
Assuming that » > 0 and introducing the vector
r=[x—x. y— Yo 22| =&=x)i+(y—y)jt - zk

we have |r| = 7, and (—1/r)r is a unit vector in the direction of p; the minus sign indicates that p is directed
from P to P (Fig. 180). From this and (2) we obtain

1 é )C—)CO. y—yo. Z—ZO
3) p = |p| —or)=-mr=c— g i-c— 3 i3 k.

This vector function describes the gravitational force acting on B. |
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2
Derivatives of a Vector Function
(1)
Vector Functions of One Variable

t  : scalar (time)
(
v(t)  :  vector function


v(t)  =  v1(t) i + v2(t) j + v3(t) k
If v(t) is continuous, 
(
v1(t), v2(t) and v3(t) are continuous.


v ∫  v(t+t) - v(t)  =  v1(t) i + v2(t) j + v3(t) k

v'(t)  (   EQ \f(dv,  dt  )  =   EQ \o(lim,\s\do12(Dt(0)) \f( Dv ,Dt)   


=   EQ \f(  dv1  , dt ) i +  EQ \f(  dv2  , dt ) j +  EQ \f(  dv3  , dt ) k


=  Derivative of v(t) wrt t

Properties

 EQ \f(d , dt ) (v + u)  =   EQ \f(dv,  dt  ) +  EQ \f(du,  dt  )

 EQ \f(d , dt )(v)  =   EQ \f(da,dt)  v +   EQ \f(dv,  dt  )
(  : scalar )


 EQ \f(d , dt ) (u•v)  =   EQ \f(du,  dt  ) • v  +  u •  EQ \f(dv,  dt  )

 EQ \f(d , dt ) (u(v)  =   EQ \f(du,  dt  ) ( v  +  u (  EQ \f(dv,  dt  )

( u v w )'  =  ( u' v w )  + ( u v' w )  + ( u v w' )

[Exercise]
Show that the derivative of a vector of constant length, but changing direction, is perpendicular to the vector, i.e., 
|a| = constant and |a|( 0, 
then



                     EQ \f(da, dt )      a

[image: image5.wmf]2

constant

20

=·=

¢¢¢

·+·=·=

aaa

aaaaaa



2)
Vector Functions of Multiple Variables


v = v(t, position)

or
v  =  v(t1, t2, . . . )



=  v1(t1, t2, . . . ) i + v2(t1, t2, . . . ) j + v3(t1, t2, . . . ) k
Partial derivative of v wrt tn,  EQ \f( (v ,  (tn  ) , is 


 EQ \f((v, (tn )   =   EQ \f((v1, (tn )  i +  EQ \f((v2, (tn )  j +  EQ \f((v3, (tn )  k

2 Position Vector r(t)
Definition
Position Vector:
The vector from the origin O to the point P(x,y,z), corresponding to a specified value of t (parameter).

r  =  x(t) i + y(t) j + z(t) k
A curve in space can be represented by a position vector. 
This is called parametric representation of the curve and t is the parameter of representation. 
[Example]
r =  cos t i + sin t j

|r| =   EQ \r(cos2t + sin2t)   =  1


x  =  cos t 

y  =  sin t


x2 + y2  =  1
(
a unit circle

[Example]
ra(t) =  t i + t2 j

x  =  t

y = t2
(
x2  =  y


rb(t)  =  - 2t i + 4 t2 j
(
x2  =  y


rc(t) = t2 i + t4 j
(
x2  =  y

Are ra, rb and rc the same curve?

Notice that this representation gives an orientation of the curve C, i.e., the direction and speed of traveling along C as t increases.

Two other kinds of representations suitable for space curves:
(1) y=f(x) (projection of C into xy-plane) and z=g(x) (projection of C into xz-plane)
(2) F(x,y,z)=0  and G(x,y,z)=0 (intersection of two surfaces)
[image: image6.jpg]Sec. 8.5 Curves. Tangents. Arc Length 429
(or a pair of equations with y or with z as the independent variable) and
3) F(x,y,2) =0, G(x, y,2) = 0.
Geometrically, y = f(x) is the projection of C into the xy-plane and z = g(x) the projection
into the xz-plane. Equation (3) gives C as the intersection of two surfaces F(x, y, z) = 0
and G(x, y, ) = 0.
Typical Examples. Kinds of Curves
EXAMPLE 1  Straight line
A straight line L through a point A with position vector a in the direction of a constant vector b (see Fig. 183)
can be represented in the form
“) r(t) =a+ b =[a; + thy, ag + thy, ag+ thg].
If b is a unit vector, its components are the direction cosines of L. In this case, t| measures the distance of the
points of L from A. For instance, the straight line in the xy-plane through A: (3, 2) having slope 1 is (sketch it)
r() =13, 2, 0]+¢«¢[1, 1, 0]=[3+1¢ 2+1 O] <
Fig. 183. Parametric representation
of a straight line
EXAMPLE 2 Ellipse, circle
The vector function
5) r(f) = [acost, bsint, 0] =acosti+ bsintj
represents an ellipse in the xy-plane with center at the origin and principal axes in the direction of the x and y
axes. In fact, since cos2t + sin®t = 1, we obtain from (5)
X2 g2
Py 2= 1, z=0.
If b = a, then (5) represents a circle of radius a. <
A plane curve is a curve that lies in a plane in space. A curve that is not plane is called
a twisted curve. A standard example is the following.
EXAMPLE 3 Circular helix

The twisted curve C represented by the vector function

6) r(t) = [acost, asint, ct] =acosti+ asintj+ ctk (c #0)
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Fig. 184. Right-handed Fig. 185. Left-handed
circular helix circular helix

is called a circular helix. It lies on the cylinder x2 + y2 = 4. If ¢ > 0, the helix is shaped like a right-handed
screw (Fig. 184). If ¢ < 0, it looks like a left-handed screw (Fig. 185). If ¢ = 0, then (6) is a circle. 4

A simple curve is a curve without multiple points, that is, without points at which the
curve intersects or touches itself. Circle and helix are simple. Figure 186 shows curves
that are not simple. An example is [sin 2¢, cost, 0]. Can you sketch it?

An arc of a curve is the portion between any two points of the curve. For simplicity,
we say “curve” for curves as well as for arcs.

SO esan ¥

Fig. 186. Curves with multiple points

Comment on parameter. A curve C may be given by various vector functions. If C is
given by (1) and we set t = h(t*), we obtain a new vector function ¥(¢*) representing C.
In mechanics, when ¢ is time, this means that we change the motion of a body in time
without changing its path. Example. For the parabola r(r) = [r, 2], by setting ¢ = —2¢*,
we get the new representation ¥(t¥*) = r(—2t*) = [—2r%, 4r%?]. Do you see that
t = —2¢* reverses the orientation? Why? (Answer: It has a negative derivative —2.) <«

The next idea is the approximation of a curve by straight lines, leading to tangents and
to a definition of length. Tangents are straight lines touching a curve, as follows.

Tangent to a Curve

The tangent to a curve C at a point P of C is the limiting position of a straight line L
through P and a point Q of C as Q approaches P along C. See Fig. 187.

If C is given by r(¢), with P and Q corresponding to ¢ and ¢ + At, respectively, then
the following vector has the direction of L:

1
E [r(t + Ap) — r(p)].




Derivative of a Position Vector
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r(t)  =  x(t) i + y(t) j + z(t) k      (represents a space curve!)

r'(t)  =   EQ \f( dr(t) ,dt)   =   EQ \f( dx ,dt)  i +  EQ \f( dy ,dt)  j +  EQ \f( dz ,dt)  k
Physical Meaning of r'(t)
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By definition of derivative

r'(t)  =   EQ \o(lim,\s\do10(Dt®0)) \f( r(t+Dt) - r(t) ,Dt)   =   EQ \o(lim,\s\do10(Dt®0)) \f(Dr(t), Dt ) 
  
r'(t) is tangent to the curve at the point P ( Note that r'(t)•r(t) is not necessarily 0, i.e., not perpendicular ). Note 
[image: image10.wmf](
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r'(t)  : 
Tangent Vector of C at P


 EQ \f( r'(t) , |r'(t)| )   :  
Unit Tangent Vector of C at P u(t)
then
r +  r'(t) : 
Position Vector of a Point on the Tangent Line
Length of a Curve   
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
Length of a Curve

[image: image12.wmf]l

 =   EQ \i(a,b, \r(r'•r') ) dt  


where 
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(from t = a to b)


Arc Length Function
s(t)  =   EQ \i(a,t, \r(r'•r') d\o(t,\s\up8(~)))  
The choice of 
[image: image14.wmf]a

 is arbitrary; changing 
[image: image15.wmf]a

 means changing s by a constant. Differentiate s(t) w.r.t. t and then square it, we obtain
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Relationship between t and s

Note that the length of dr (a vector) is ds (a scalar), i.e.,


ds  =  |dr|

or
( ds )2  =  dr • dr 

In addition, dr  =  dx i + dy j + dz k
we have  dr • dr  =  ( dx )2  +  ( dy )2  +  ( dz )2

(ds)2  =  (dx)2  +  (dy)2  +  (dz)2
Thus, the arc length function s can be related to the parameter t as


ds  =   EQ \r( (dx)2 + (dy)2 + (dz)2 ) 

  
=   EQ \r( \b\bc\[(\f(dx,dt))\s\up16(2) + \b\bc\[(\f(dy,dt))\s\up16(2) + \b\bc\[(\f(dz,dt))\s\up16(2) )     dt



ds =   EQ \r( r'(t) • r'(t) ) dt
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Note that the unit tangent vector at P on the curve r(t) is given by


u  =   EQ \f(r'(t), |r'(t)| )   =   EQ \f( \f( dx ,dt) i + \f( dy ,dt) j + \f( dz ,dt) k ,\f( ds ,dt)) 


=   EQ \f(dx,ds)  i +  EQ \f(dy,ds)  j +  EQ \f(dz,ds)  k  =   EQ \f(dr(s), ds ) 
Hence, the derivative of r with respective to s ( the arc length function ) is the unit tangent vector.
[Exercise] 
Show that u   EQ \f(du, ds )     ( Hint:  |u| = 1 ) 
[Example]
Calculate the length of the arc of the curve 
r(t) = ( 2t - t2 ) i +  EQ \f(8, 3 )  t3/2 j
between t = 1 to t = 3.
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[Solution]
r'(t)  =  ( 2 - 2 t ) i + 4  EQ \r(t)  j

|r'(t)| 
[image: image19.wmf](
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l  =   EQ \i(1,3, 2(t+1) dt)   =  12
[Exercise]
r(t)  =  cos t  i  +  sin t  j  +  t  k
Calculate 
(1) the unit tangent vector u(t) at t = /3 and 
(2) the length of the arc from t = 0 to t = 4.
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[Solution]
u(/3)  =    EQ \f(\r(3),2\r(2))  i +  EQ \f(1,2\r(2))  j +  EQ \f(1,\r(2))  k


l  =  4 EQ \r(2)  
[Example]
Express r in terms of arc length function s if 
r(t) = ( 2t - t2 ) i +  EQ \f(8, 3 )  t3/2 j   

[Solution]
Take t = 0, (x,y) = (0,0) as initial point, then
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 EQ \f(ds,dt)   = |r'(t)|  =  2 ( t + 1 )


s  =   EQ \i(0,t, 2 ( \o(t,\s\up6(~)) + 1 ) d\o(t,\s\up6(~)) )   =  t2 + 2 t

(
t2 + 2 t - s = 0

and
t =  EQ \r( 1 + s )   - 1  ( take t  0 )

thus
x(t) =  2 t - t2   =  4  EQ \r( 1 + s )  - 4 – s = x(s)

y(t)  =   EQ \f(8, 3 )  t3/2  =   EQ \f(8, 3 ) ( \r( 1 + s ) - 1 )\s\up10(3/2) =y(s)

r(s)  =  ( 4  EQ \r(1+s)  - 4 - s ) i 



+  EQ \f(8, 3 ) ( \r( 1 + s ) - 1 )\s\up10(3/2)  j
4
Particle Path, Velocity and Acceleration

Particle Path
Particle moves with its position vector r(t)
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C :  particle path

Velocity
v  =   EQ \f(dr, dt )   =  r'

where t: time


[image: image23.wmf]sp
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|v|  =   EQ \r(r'•r' )   = 
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=  EQ \f(ds, dt )   =  arc length/unit time  =  speed

Note that v  =  u  EQ \f(ds, dt )   =  
[image: image25.wmf]sp

u  
( 
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 =  EQ \f(ds, dt )   =  speed )

where u 
[image: image27.wmf]d

ds

æö

=

ç÷

èø

r
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Acceleration

a  (   EQ \f(dv, dt )   =   EQ \f(d2r, dt2 ) 
Since
v  =  u  EQ \f(ds, dt )   =  
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a  =  
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  EQ \f(du, dt )                   
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=  
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  EQ \f(du, ds )  
( since 
[image: image34.wmf]sp

 =  EQ \f(ds, dt )   )


=   EQ \f(d2s, dt2 )  u + ( EQ \f(ds,  dt  )) EQ \s\up10(2) EQ \f(du, ds )  
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
a contains
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Alternatively, the tangential acceleration atang can be obtained by calculating the component of a in the tangent direction ( i.e., u, where u = v/|v| ) , i.e., 


atang  =  ( a•u ) u  =   EQ \f( ( a•v ) v , |v|2 ) 
The normal acceleration anormal can then be calculated by


anormal  =  a  -  atang 

[Example]  


r(t)  =  cos t i + sin t j

v(t)  = EQ \f(dr, dt )   =  - sin t i + cos t j     
[image: image37.wmf]\
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(t)  =  |v(t)|  =  1

thus,  d
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/dt  =  0,   speed = constant
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a(t)  =
[image: image41.wmf](

)

normal

t

a

=  - cos t i  -  sin t j  ( 0
Note that a(t) is normal to the particle path.

5
Curvature and Torsion of a Curve

Definition
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r(s)  :  position vector,   s: arc length

u(s)  (   EQ \f(dr(s), ds )   :  unit tangent vector, i.e., 
[image: image43.wmf]1
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Since u   EQ \f(du, ds )  ( ( u'(s) ) 
We define


p  (   EQ \f(1, k ) \f(du(s), ds )   
where


p  =  unit principal normal vector and 
[image: image44.wmf]1

=

p



  =   EQ \b\bc\|(\f(du(s), ds ))   =  |u'(s)|  =  |r''(s)|  =  curvature 

(A measure of the deviation of the space curve from its tangent!)

  (   EQ \f(1, k )   =  radius of curvature

ds  =  | dr | 


 EQ \f( ds ,  dt  )   = | r(t)' |
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( The relationship between s and t can then be obtained!)

and
u(s)  =   EQ \f( r(t)' , | r(t)' |  ) =
[image: image46.wmf](
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(s) =  EQ \b\bc\|( \f( du(s) , ds ) ) =   EQ \f( | du/dt | ,  ds/dt  )  
                    = a measure of the deviation of space curve from its tangent.
Also, we define


b  (  u ( p  =  unit binormal vector
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[Example]  Find the radius of curvature 
[image: image48.wmf]r

of a circle on x-y plane.

[Sol'n]

The position vector of a circle is


r 
[image: image49.wmf](
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 =  x i + yj  =  R cos i + R sin j       
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If s=0 at s= R ,     =  EQ \f(s,  R  )
 
r(s)  =  R cos( EQ \f(s,  R  )) i + R sin( EQ \f(s,  R  )) j

r'(s)  =   EQ \f(dr, ds )   =  - sin( EQ \f(s,  R  )) i + cos( EQ \f(s,  R  )) j       
[image: image52.wmf](
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r''(s)  =  -  EQ \f(1, R )  cos( EQ \f(s,  R  )) i -  EQ \f(1, R )  sin( EQ \f(s,  R  )) j      
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[image: image54.wmf]k

=

|r''(s)| =   EQ \f(1, R )    
(s)  =   EQ \f(1, k )   =   EQ \f(1, |r''(s)| )   =  R

[Exercise]  If C is defined by r(t) = x(t) i + y(t) j with r'(t) ( 0, the curvature at the point r(t) is
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=   EQ \f(| x'y'' - y'x'' |, [(x')2 + (y')2]3/2 )   
or
(t)  =   EQ \f(| r' ´ r'' |, |r'|3 ) 
where r' and r'' are derivatives of r wrt t.

[Solution]


 EQ \f(ds,dt)   =  | r'(t)|


u(t)  =   EQ \f( r'(t) ,| r'(t) |) 

(s)  =   EQ \b\bc\|( \f(du, ds ) )   =   EQ \f(|du/dt|, |ds/dt| ) 


=   EQ \f(1, |r'(t)| ) \b\bc\|( \f(d ,dt) \b\bc\[( \f(r'(t), |r'(t)| ) ) ) 


=   EQ \f( ||r'(t)|r''(t) - r'(t)g(t)| ,|r'(t)|3) 
where



g(t)  =   EQ \f(d ,dt)  |r'(t)|  =   EQ \f(d ,dt)  [ (x')2 + (y')2 ]1/2


=   EQ \f(x'x'' + y'y'', \r( (x')2 + (y')2 ) )   =   EQ \f(r'¥r'', |r'| ) 
Thus, 


(s)  =   EQ \f( \r( (|r'|2r'' - gr')¥(|r'|r'' - gr') ) , | r'(t) |3 ) 


=    EQ \f( \r( |r'|2|r''|2 - 2g|r'|(r'¥r'') + g2|r'|2 ) , | r'(t) |3 ) 


=    EQ \f(\r( |r'|2|r''|2 - (r'¥r'')2 ), |r(t)|3 ) 
[Exercise]  
r  =  cos t i + sin t j + t k

Find  (s), p(s), u(s) and b(s)

[Answer]  

u(s) =   EQ \f( - sin(s/\r(2)) ,\r(2))  i  +   EQ \f( cos(s/\r(2)) ,\r(2))  j +  EQ \f(1, \r(2) )  k

p(s) =  - cos  EQ \f(s, \r(2) )  i - sin  EQ \f(s, \r(2) )  j

(s) =   EQ \f(1, 2 ) 

b(s) =    EQ \f( sin(s/\r(2)) ,\r(2))  i  +   EQ \f( - cos(s/\r(2)) ,\r(2))  j +  EQ \f(1, \r(2) )  k 

Torsion

r(s) : Curve


u(s)  (   EQ \f( dr(s) ,ds)    :  unit tangent vector


p(s)  (   EQ \f(1, k ) \f(du, ds )   :  unit principal normal vector


b(s)  (  u ( p  :  unit binormal vector


b'  (   EQ \f( db(s) ,ds)  =  ??

Since b u    (by definition) 
 (
b•u  =  0

and
(b•u)'  =  0       ( wrt s )

or
b'•u + b•u'  =  0

But
u' =  p  which is  b (also by definition)
(
b•u'  =  0


b'•u  =  0   or       
[image: image57.wmf]d

ds

b

u
In addition, b'b  (recall that |b|  =  1  so that 
[image: image58.wmf]d

ds

b

b)

Since 
[image: image59.wmf]d

ds

b

u and 
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[image: image61.wmf]d
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b

=  -  p
where  is the torsion which measures the rate of twisting of curve C  or the deviation of curve C from the osculating plane ( |b'|  =  |- p|  =  || ). The minus sign is conventional to make torsion positive for a right-handed helix.

[image: image62.wmf]()()()

sss

t

¢

=-·

pb


Since 
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are linearly independent vectors, we represent any vector in space as a linear combination of these vectors.  


[image: image65.wmf](

)

(

)

(

)

          

                     (Note:  )

        

s

s

s

k

kt

t

¢

=

¢

=-+=´

¢

=-

up

pubpbu

bp


[Exercise]  
r  =  cos t i + sin t j + t k
 [Answer] 

u(s)  =   EQ \f( - sin(s/\r(2)) ,\r(2))  i  +   EQ \f( cos(s/\r(2)) ,\r(2))  j +  EQ \f(1, \r(2) )  k

p(s)  =  - cos  EQ \f(s, \r(2) )  i - sin  EQ \f(s, \r(2) )  j

(s)  =   EQ \f(1, 2 ) 

b(s) =    EQ \f( sin(s/\r(2)) ,\r(2))  i  +   EQ \f( - cos(s/\r(2)) ,\r(2))  j +  EQ \f(1, \r(2) )  k 
           (Obtained in the previous example)
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6
The Chain Rule and the Mean Value Theorem (for functions with more than one independent variable)
(1)
Chain Rule

Continuity
Let f(x, y) be defined at every point (x, y) in a neighborhood of (x0, y0), then f(x, y) is continuous at (x0, y0)  if

 EQ \o(lim,\s\do10((x,y)®(x0,y0)))   f(x, y)  =  f(x0, y0)

Partial Derivatives of f

 EQ \f( (f ,(x)   =   EQ \o(lim,\s\do10(Dx®0))  \f( f(x+Dx,y) - f(x,y) ,Dx) 

 EQ \f( (f ,(y)   =   EQ \o(lim,\s\do10(Dy®0))  \f( f(x,y+Dy) - f(x,y) ,Dy) 
Chain Rule

(i)
x = x(t), y = y(t)  and f = f(x, y)
 EQ \f(df, dt )   =   EQ \f((f, (x ) \f(dx, dt )   +   EQ \f((f, (y ) \f(dy, dt ) 
(ii)
x = x(u, v),  y = y(u, v),  and f  =  f(x, y)
 EQ \f( (f ,(u)   =   EQ \f((f, (x ) \f((x, (u )  +  EQ \f((f, (y ) \f((y, (u ) 
 EQ \f( (f ,(v)   =   EQ \f((f, (x ) \f((x, (v )  +  EQ \f((f, (y ) \f((y, (v ) 
(2)
Mean Value Theorem

f(x, y),  EQ \f((f, (x )  , and  EQ \f((f, (y )  are continuous in the domain D, and that a straight line segment joining points 
[image: image68.wmf]0
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:(x0+h, y0+k) is in D, then


f(x0+h, y0+k) - f(x0, y0)  = 
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where (x*, y*) lies on the line segment
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Fig. 195. Mean value theorem for a function
of two variables [Formula (7)]




7
Gradients, Directional Derivatives
Definition of Gradient 

f = f(x, y, z)  --- a scalar function
The gradient of f , (f (del f, or grad f) is given by the vector field

(f =  EQ \f((f, (x )  i +  EQ \f((f, (y )  j +  EQ \f((f, (z )  k
where ( (nabla, del) is a differential operator.


(  (   EQ \f(( , (x )  i +  EQ \f(( , (y )  j +  EQ \f(( , (z )  k

[Example]    f =  x y,   (f  =  y i + x j
Properties:  ( is a linear operator:


((f) = ((f)


((f+g)  = (f + (g

Directional Derivative

f = f(x, y, z)   a scalar function


r = x i + y j + z k     position vector
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The difference of f between any two points r and r+r 


f  =
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=   EQ \f((f, (x )  x  +  EQ \f((f, (y )  y  +   EQ \f((f, (z )  z  +  . . . (Higher order terms)



=  (f•r  +  . . .

 EQ \b\bc\((\a\al( recall that (f  =  \f((f, (x ) i + \f((f, (y ) j + \f((f, (z ) k  and ,          Dr = Dx i + Dy j + Dz k)) 
If we let s = |r| (length of r), then


 EQ \f(Df, Ds )   =   EQ \f((f, (x ) \f(Dx, Ds )   +   EQ \f((f, (y ) \f(Dy, Ds )   +   EQ \f((f, (z ) \f(Dz, Ds )   +  . . .

(
 EQ \o(lim,\s\do12(Ds®0))  \f(Df, Ds )   =(scalar) derivative of f in the direction of r 


=    EQ \f((f, (x ) \f(dx, ds )   +   EQ \f((f, (y ) \f(dy, ds )   +   EQ \f((f, (z ) \f(dz, ds )   


=  ( EQ \f((f, (x )  i +  EQ \f((f, (y )  j +  EQ \f((f, (z )  k )•(  EQ \f(dx, ds )  i +  EQ \f(dy, ds )  j +  EQ \f(dz, ds )  k )


=  (f• EQ \f(dr, ds ) 
Note that in the above expression,  EQ \f(dr, ds )   = 
[image: image75.wmf]u

 is the unit vector in the direction of dr.


 EQ \f(df, ds )   =  (f• EQ \f(dr, ds ) 
or
df  =  (f•dr
Recall the projection of a onto b:
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Since dr/ds is the unit vector, we have


 EQ \f(df, ds )   = (f• EQ \f(dr, ds )   = scalar projection of (f in the direction of  EQ \f(dr, ds ) 


= directional derivative of f in the direction of  EQ \f(dr, ds ) 
[Example]
Let f = x y2, calculate the directional derivative of f in the direction of b = 2 i + 3 j at point (4, -1).

[Solution] 

A unit vector in the direction b is given by


u =  EQ \f(2,\r(13))  i +  EQ \f(3,\r(13))  j
Since (f =  y2 i + 2 x y j

 EQ \f(df, ds )   =  (f•u  =   EQ \f( 2y2 + 6xy ,\r(13)) \s\do12(|(4,-1))   =  -  EQ \f(22,  \r(13)  ) 
[Exercise]  f = x ln y - e EQ \s\up8(xz3)    
Find the directional derivative of f in the direction of b = i - j + 3 k
Physical Meaning of Gradient - Maximum Increases
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Since 
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dr/ds is a unit vector, 
[image: image79.wmf]||
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|dr/ds| = 1

 
(f• EQ \f(dr, ds )   =   EQ \f(df, ds )   =  |(f| cos 
thus the directional derivative of f in the direction dr/ds is the component of the gradient of the f in the direction dr/ds.

Since
 EQ \f(df, ds )   =  |(f| cos 
  EQ \f(df, ds )  has a maximum if cos   = 1 and  = 0.

Thus,  f increases most rapidly in the direction of its gradient.  
[Theorem]
 Let f(P)=f(x, y, z) be a scalar function having continuous partial derivatives. Then grad f exists and its length and direction are independent of the particular choice of Cartesian coordinates in space.  
If at a point P the gradient of f is not the zero vector, it has the direction of maximum increase of f at P. 
Furthermore, f is stationary (i.e., df = 0) in the direction perpendicular to its gradient.
[image: image80.png]Tangent plane f= con:t)





    
f = constant on the surface (contour)


df = 0 =  EQ \f((f, (x )  dx +  EQ \f((f, (y )  dy +  EQ \f((f, (z )  dz  =  (f•dr
(
dr  (f   where dr  is on the surface f = constant.

[Theorem]  
Let f be a differentiable scalar function that represents a surface S: f(x, y, z)=c=constant.  
Then if the gradient of f at a point P of S is not the zero vector, it is a normal vector of S at P. 
[Example]  Find the normal of the curve


f(x, y) = ln(x2 + y2)  =  constant

Since (f  the surface of f = constant,


(f  =   EQ \f((f, (x )  i +  EQ \f((f, (y )  j  =   EQ \f(2x, x2 + y2 )  i +  EQ \f(2y, x2 + y2 )  j
[Example]  Find the unit normal to the surface of 


f(x, y, z) = x y3 z2 = 4   at (-1, -1, 2).

Now
(f  =  ( y3 z2 i + 3 x y2 z2 j + 2 x y3 z k ) EQ \s\do12(|(-1,-1,2)) 


=  - 4 i - 12 j + 4 k

n =  EQ \f((f, |(f| )   =  -  EQ \f(1,\r(11))  i -  EQ \f(3,\r(11))  j +  EQ \f(1,\r(11))  k
[Example]   From Newton’s law of gravitation, the force of attraction between two particles is:
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Note that this force is the gradient of a scalar potential function of the gravitational field, i.e.
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Laplace Equation:
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This is due to 
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It can be shown that 
1. the force field produced by any distribution of masses is given by a vector function that is the gradient of the scalar function f and 
2. f satisfies the Laplace equation in any region of space that is free of matter.

8
Divergence and Curl of a Vector Field
Definitions
If 
v =  v1 i + v2 j + v3 k  (Notice that this is a vector function)
then
(•v  =   EQ \b\bc\{( i \f(( ,(x) + j \f(( ,(y) + k \f(( ,(z) ) •{ v1 i + v2 j + v3 k }



=   EQ \f((v1, (x )  +  EQ \f((v2, (y )  +  EQ \f((v3, (z ) 


=  divergence of the vector v  =  div v
( ( v  =   EQ \b\bc\{( i \f(( ,(x) + j \f(( ,(y) + k \f(( ,(z) )  ( { v1 i + v2 j + v3 k }



=   EQ \b\bc\|(\a\co3\vs10\hs12( i, j, k, \f(( ,(x), \f(( ,(y), \f(( ,(z), v1, v2, v3 )) 


=  i  EQ \b\bc\[( \f((v3, (y ) - \f((v2, (z ) )  + j  EQ \b\bc\[( \f((v1, (z ) - \f((v3, (x ) )  + k  EQ \b\bc\[( \f((v2, (x ) - \f((v1, (y ) ) 


= Curl of v
If 
f = f(x, y, z)      (a scalar function)
then

[image: image87.wmf] is a vector

f
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 (•((f)  =   EQ \f((2f, (x2 )   +   EQ \f((2f, (y2 )   +   EQ \f((2f, (z2 ) = (2f 
or
(2f  =  div(grad f)  =  Laplacian of f

Physical Meanings
(i)
Divergence:  
[Example]  The gravitational force 
[image: image88.wmf]p

is the gradient of the scalar function
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[Example] Motion of a compressible fluid.


 =  density [ mass/volume],        
v =  mass flux [ mass/(area)(time) ]

(•(v) = rate of mass loss per unit volume [ mass/(volume)(time) ]

 EQ \f((r, (t )   = - (•(v)         ( Equation of Continuity
(a)
 = constant (incompressible fluids)  ( (•v = 0

(b)
At steady state (i.e., 
[image: image92.wmf]0

t
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), (  (•(v) = 0

(ii)
Curl
(rotational and irrotational flows
Some Important Identities (Exercises)

(•v = (•v + v•(

((v = ((v + ((v

(•(u(v)  =  v•((u - u•((v

(( (u(v)  = v•(u - u•(v + u((•v) - v((•u)


((u•v)  = u•(v + v•(u + u( (((v) + v( (((u)


(( (()  = curl grad  = 0

(•(((v)  =  div curl v  =  0


(( (((v)  = curl curl v = (((•v) - (•((v)




= grad div v - (2v

(•((1((2)  =  0

Note that here v•(u   (  EQ \b\bc\{( vx\f(( ,(x) + vy\f(( ,(y) + vz\f(( ,(z) )  u
9
Vector Analysis in Curvilinear Coordinates
(Orthogonal Coordinate Systems)

(1)
Coordinates

RCC
Cylindrical
Spherical
(x, y, z)
(r, , z)
(r, , )

x1=x,  x2=y, x3=z
x1 = r cos
x1 = r cos sin

x2 = r sin
x2 = r sin sin

x3 = z
x3 = r cos
 [image: image93.png](x,y,2) or (r,6,2)

()




In general,
x1 = x1(q1, q2, q3)


x2 = x2(q1, q2, q3)


x3 = x3(q1, q2, q3)

or
q1 = q1(x1, x2, x3)


q2 = q2(x1, x2, x3)


q3 = q3(x1, x2, x3)

Coordinate Surfaces:  q1 = constant, or q2 = constant, or q3 = constant

Coordinate Line (or Coordinate Curve):  
(q1 = constant )+(q2 = constant), only q3 varies 
(
coordinate line q3
Orthogonal:  coordinate curves are mutually perpendicular

(2)
Position Vector and Unit Base Vectors

r = x i + y j + z k  :   position vector
A tangent vector e1 to the q1 curve at a point P is given by


e1 = EQ \f((r, (q1 )   


or
e1  =   EQ \f((r, (q1 )   =   EQ \f((r, (s1 ) \f(ds1, dq1 )        (Natural Base Vectors) 
where s1 is the arc length along the q1 curve.  Similarly,
e2 = EQ \f((r, (q2 )   ;
e3  =   EQ \f((r, (q3 ) 
Since 
[image: image94.wmf]1
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e1 = h1 1      
[image: image95.wmf]1
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where 1 is the unit vector (physical base vector) tangent to the q1 curve in the direction of increasing arc length, and


h1  (   EQ \f(ds1, dq1 )    
[image: image96.wmf]=

1
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Similarly, 


e1  =  h1 1 ;
e2  =  h2 2  ; 
e3  =  h3 3



h1 =   EQ \f(ds1, dq1 )   =   EQ \b\bc\|(\f((r, (q1 ))   =  length of e1

h2 =   EQ \f(ds2, dq2 )   =   EQ \b\bc\|(\f((r, (q2 ))   =  length of e2


h3 =   EQ \f(ds3, dq3 )   =   EQ \b\bc\|(\f((r, (q3 ))   =  length of e3
where h1, h2 and h3 are scale factors.

For example, in cylindrical coordinates


(q1, q2, q3)  = (r, , z)


r =  x i + y j + z k  =  r cos i + r sin j + z k


= q1 cosq2 i + q1 sinq2 j + q3 k

h1  =   EQ \b\bc\|(\f((r, (q1 ))   =  | cosq2 i + sinq2 j |  =  1

[image: image97.wmf]1
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h2  =   EQ \b\bc\|(\f((r, (q2 ))   =  | - q1 sinq2 i + q1 cosq2 j |  =  q1 = r

[image: image98.wmf]2
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h3  =   EQ \b\bc\|(\f((r, (q3 ))   =  | k |  =  1
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[Exercise]  Show that in spherical coordinate systems


(q1, q2, q3)  = (r, , )


h1 = 1 ;
h2  =  r  ;
      h3  =  r sin
[Hint]  The position vector r in spherical coordinate system can be written as



r  =  r cos sin i + r sin sin j + r cos k
(3)
Arc Length along an Arbitrary Space Curve
In RCC,     (ds)2  =
[image: image100.wmf]dd

·

rr

=  (dx)2 + (dy)2 + (dz)2
In general,
dr  =   EQ \f((r, (q1 )  dq1  +   EQ \f((r, (q2 )  dq2  +   EQ \f((r, (q3 )  dq3


=  e1 dq1  +  e2 dq2  + e3 dq3

 EQ \f(dr, ds )   =   EQ \f((r, (q1 ) \f(dq1,ds)   +   EQ \f((r, (q2 ) \f(dq2,ds)   +   EQ \f((r, (q3 ) \f(dq3,ds) 


= e1  EQ \f(dq1,ds)   + e2  EQ \f(dq2,ds)   + e3  EQ \f(dq3,ds)   
But since    EQ \b\bc\|(\f(dr,ds))   = 1
(
 EQ \f(dr,ds)  •  EQ \f(dr,ds)   = 1

or
 EQ \b\bc\[( e1 \f(dq1,ds)  +  e2 \f(dq2,ds)  +  e3 \f(dq3,ds) ) •



 EQ \b\bc\[( e1 \f(dq1,ds)  +  e2 \f(dq2,ds)  +  e3 \f(dq3,ds) )   = 1

In addition, for orthogonal coordinate systems,


e1•e2 = e2•e3 = e3•e1 = 0


e1•e1 (dq1)2 + e2•e2 (dq2)2 + e3•e3 (dq3)2 = ds2
or
ds2  =  h12 dq12  +  h22 dq22  + h32 dq32
(Note that e1•e1 = h1 1 • h1 1 = h12 )

Cylindrical:

(ds)2  =  (dr)2  +  r2 (d)2  +  (dz)2
Spherical:

(ds)2  =  (dr)2  +  r2 sin2 (d)2  +  r2 (d)2
(4)
Element of Volume and Element of Surface
In RCC system,  dV =dx dy dz, but can we write dV=dr d dz in cylindrical systems? 

No.
(i)
Element of Volume, dV

The element of volume is given by


dV = ( e1dq1 ( e2dq2 • e3dq3 )



= ( 1(2•3 ) h1h2h3 dq1dq2dq3


= h1h2h3 dq1dq2dq3
( Since  1(2•3 = 1 for orthogonal coordinate systems)

e1  =  h1 1 ;
e2  =  h2 2  ; 
e3  =  h3 3



h1 =   EQ \f(ds1, dq1 )   =   EQ \b\bc\|(\f((r, (q1 ))   =  length of e1

h2 =   EQ \f(ds2, dq2 )   =   EQ \b\bc\|(\f((r, (q2 ))   =  length of e2


h3 =   EQ \f(ds3, dq3 )   =   EQ \b\bc\|(\f((r, (q3 ))   =  length of e3
Cylindrical:
dV  =  r dr d dz

[image: image101.png]



Spherical:
dV =  r2 sin dr d d
[image: image102.png]r sinf A





(ii) Element of Surface, dS
On the surface q1 = constant, the element of surface area dS1 is given by


dS1 = | e2 dq2 ( e3 dq3 |



= | h2 2 dq2 ( h3 3 dq3 |



= h2 h3 dq2 dq3
Similarly,


dS2 = h3 h1 dq3 dq1

dS3 = h1 h2 dq1 dq2
Cylindrical Coordinate:


dSr  =  r d dz


dS  =  dr dz


dSz  =  r dr d
Spherical Coordinate:


dSr  =  r2 sin d d

dS  =  r dr d

dS  =  r sin dr d
(5)
Gradients


df  =  (f•dr  (This relation should be valid in any coordinate system!)

df =  EQ \f((f,(q1)  dq1 +  EQ \f((f,(q2)  dq2 +  EQ \f((f,(q3)  dq3 

and
dr  =  e1 dq1 + e2 dq2 +e3 dq3 



=  h1 1 dq1 + h2 2 dq2 + h3 3 dq3 
If we now write


(f  =  1 1 + 2 2 + 3 3
We need to determine the functions 1, 2 and 3 such that

df  =  (f•dr

 EQ \f((f,(q1)  dq1 +  EQ \f((f,(q2)  dq2 +  EQ \f((f,(q3)  dq3  



=  h1 1 dq1 + h2 2 dq2 + h3 3 dq3
Since dq1, dq2 and dq3 are linearly independent, we have


1  =   EQ \f(1, h1 ) \f((f,(q1)   ;  2  =   EQ \f(1, h2 ) \f((f,(q2)   ;  3  =   EQ \f(1, h3 ) \f((f,(q3)  
(
(f  =   EQ \f(d1, h1 ) \f((f ,(q1)   +   EQ \f(d2, h2 ) \f((f ,(q2)   +   EQ \f(d3, h3 ) \f((f ,(q3) 

(  =   EQ \f(d1, h1 ) \f((  ,(q1)   +   EQ \f(d2, h2 ) \f((  ,(q2)   +   EQ \f(d3, h3 ) \f((  ,(q3)   


=  1  EQ \f((  ,(s1)   +  2  EQ \f((  ,(s2)   +  3  EQ \f((  ,(s3) 
For example, in cylindrical coordinates


(f  =   EQ \f((f,(r)  r  +   EQ \f(1, r ) \f((f,(q)    +   EQ \f((f,(z)  z
or
(  =  r  EQ \f( (  ,(r)    +   EQ \f(1, r ) \f( (  ,(q)    +  z   EQ \f( (  ,(z)  
[Exercise]  What is (f in spherical coordinates?
(  =  r  EQ \f( (  ,(r)    +   EQ \f(1, r ) \f( (  ,(q)    +     EQ \f( 1 , r sinq ) 

 EQ \f( (  ,(f)  
(6)
Divergence (•v

v = v1 1 + v2 2 + v3 3

(•v = (•(v1 1 + v2 2 + v3 3)  = 
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(•v11 = (•(h2h3v1  EQ \f(d1, h2h3 )  )      (since (•v = (•v + v•(


= ((h2h3v1) • EQ \f(d1, h2h3 )   +  h2h3v1 (• EQ \f(d1, h2h3 )  
but
(• EQ \f(d1, h2h3 )    =  (•(  EQ \f(d2,h2)  (  EQ \f(d3,h3)  )


=  (•( (q2 ( (q3 )  =  0
[Recall that (•((1((2) = 0]

(•v11 =   EQ \f(d1, h2h3 )  •((h2h3v1)



=  EQ \f(d1, h2h3 )  •(  EQ \f(d1,h1) \f(((h2h3v1) ,(q1)  + 2 . . .  )


=   EQ \f(1, h1h2h3 ) \f(((h2h3v1) ,(q1)       (since d1•d2 = 0, etc.) 

(•v =    EQ \f(d1, h2h3 )  •((h2h3v1)  +   EQ \f(d2, h3h1 )  •((h3h1v2)  +   EQ \f(d3, h1h2 )  •((h1h2v3)


          = 
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[Example]  Cylindrical coordinate 
(•v =  EQ \f(1,r) \f(( ,(r) (rvr)  +  EQ \f(1,r) \f((vq,(q)   +   EQ \f((vz,(z) 
(7)
Laplacian  (2  =  (•(
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(8)
Curl   ((v

((v = (( (v11) + (( (v22) + (( (v33)

But
(( (v11)  =  (( (h1v1 EQ \f(d1, h1 )  )      (since ((v = ((v + ((v)


= (h1v1) (((  EQ \f(d1, h1 )  ) + ((h1v1) (  EQ \f(d1, h1 ) 
However,


( (  EQ \f(d1, h1 )   =  (( ((q1)  

(since (q1 =  EQ \f(d1, h1 )  )


=  0



[since (( (()  =  0]
thus we have


(( (v11)  =  ((h1v1) (  EQ \f(d1, h1 )   =  -  EQ \f(d1, h1 )  ( (h1v1


=
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=  -  EQ \f(d3, h1h2 ) \f(( ,(q2) (h1v1)   +   EQ \f(d2, h3h1 ) \f(( ,(q3) (h1v1) 


=   EQ \f(1, h1h2h3 ) ( h2d2 \f(( ,(q3)  -  h3d3 \f(( ,(q2)  ) (h1v1) 

((v  =   EQ \f(1, h1h2h3 ) \b\bc\|(\a\co3\hs8\vs8( h1d1, h2d2, h3d3, \f(( ,(q1), \f(( ,(q2), \f(( ,(q3), h1v1, h2v2, h3v3) ) 
[Example]  For cylindrical coordinates


((v  =   EQ \f(1, r ) \b\bc\|(\a\co3\hs12\vs8( dr, rdq, dz, \f(( ,(r), \f(( ,(q), \f(( ,(z), vr, rvq, vz) ) 






Vectors - 


_1258484745.unknown

_1290089552.unknown

_1290601820.unknown

_1290604497.unknown

_1290762749.unknown

_1290867817.unknown

_1290924829.unknown

_1290925175.unknown

_1290879150.unknown

_1290774932.unknown

_1290762483.unknown

_1290603093.unknown

_1290604225.unknown

_1290601994.unknown

_1290600072.unknown

_1290601721.unknown

_1290601774.unknown

_1290600292.unknown

_1290263968.unknown

_1290583782.unknown

_1290583821.unknown

_1290586462.unknown

_1290264196.unknown

_1290090209.unknown

_1290262795.unknown

_1290262980.unknown

_1290091215.unknown

_1290089860.unknown

_1258982481.unknown

_1258984077.unknown

_1259416022.unknown

_1290089352.unknown

_1290089509.unknown

_1259417381.unknown

_1290087503.unknown

_1259417552.unknown

_1259416062.unknown

_1258987404.unknown

_1259415903.unknown

_1258984520.unknown

_1258982796.unknown

_1258983442.unknown

_1258982529.unknown

_1258790893.unknown

_1258791626.unknown

_1258791972.unknown

_1258792462.unknown

_1258792610.unknown

_1258792427.unknown

_1258791932.unknown

_1258791401.unknown

_1258791515.unknown

_1258791043.unknown

_1258485163.unknown

_1258485262.unknown

_1258790380.unknown

_1258485600.unknown

_1258485207.unknown

_1258484814.unknown

_1258484833.unknown

_1258484769.unknown

_1163508907.unknown

_1258484598.unknown

_1258484680.unknown

_1258484704.unknown

_1258484618.unknown

_1258482131.unknown

_1258484564.unknown

_1163918012.unknown

_1258482009.unknown

_1163512464.unknown

_1163513023.unknown

_1163426874.unknown

_1163427027.unknown

_1163427182.unknown

_1163508757.unknown

_1163427055.unknown

_1163427005.unknown

_1162279175.unknown

_1162480931.unknown

_1163168164.unknown

_1163168324.unknown

_1163168546.unknown

_1162481444.unknown

_1162480185.unknown

_1162480607.unknown

_1162279210.unknown

_1028577626.doc


r







(t)







x







y







P(x,y,z)












_1068884435.doc


( x, y, z)







( x + (x , y + (y , z + (z )







r







r + (r







(r = (x i + (y j + (z k 












_1068885501.doc


(f







� EQ \f( dr ,  ds  ) � =  unit vector







Components of (f in the direction of dr/ds







(












_1028577625.doc


r(t)







r







(







t







+















t







)







increasing  t















r







(t)












